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Abstract—A striking example of brain organisation is the stereotyped arrangement of cell preferences in the visual cortex for edges of

particular orientations in the visual image. These “orientation preference maps” appear to have remarkably consistent statistical

properties across many species. However fine scale analysis of these properties requires the accurate reconstruction of maps from

imaging data which is highly noisy. A new approach for solving this reconstruction problem is to use Bayesian Gaussian process

methods, which produce more accurate results than classical techniques. However, so far this work has not considered the fact that

maps for several other features of visual input coexist with the orientation preference map and that these maps have mutually

dependent spatial arrangements. Here we extend the Gaussian process framework to the multiple output case, so that we can consider

multiple maps simultaneously. We demonstrate that this improves reconstruction of multiple maps compared to both classical

techniques and the single output approach, can encode the empirically observed relationships, and is easily extendible. This provides

the first principled approach for studying the spatial relationships between feature maps in visual cortex.

Index Terms—Gaussian processes, multitask learning, neuroimaging, visual cortical maps
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1 INTRODUCTION

THE detailed statistical analysis of structures in the brain
relies critically upon accurate reconstructions of those

structures from noisy and incomplete neuroimaging data.
Robust methods for performing such estimation are there-
fore of vital importance in neuroscience. A prime example
of this problem is in the study of topographic maps in the
primary visual cortex (V1) of many mammals. Here neurons
are selective for the orientation of edges and contours in
the visual field [1] and are arranged spatially such that
cells with similar orientation preferences are located nearby.
The overall structure of these orientation preference (OP)
maps is quite stereotypical [2], [3] and common features of
the statistical structure of these maps have been discovered
(e.g., [4]). Intrinsic signal optical imaging is the standard
technique for wide-area imaging these maps [5], [6], how-
ever it produces very noisy data.

Recently an important new method was introduced for
improving the estimates of OP maps from such data, using a
Bayesian approach based on Gaussian processes (GP) [7].
This utilises a prior distribution over maps which captures
the important lower-order statistics of map structure. The
technique has been extended to analyse maps from ani-
mals reared in abnormal visual environments, and is a
powerful framework for investigating the mathematical
nature of map structure and its plasticity in the face of

changed visual environments [8]. However, so far this
work has ignored the fact that OP maps do not exist in
isolation, but rather coexist in V1 with maps for several
other features of the visual input. These include the eye
of origin (ocular dominance, OD) [9], [10], and the spac-
ing of patterns and textures (spatial frequency, SF) [11],
[12], [13]. These maps are dependent on one another
through complex spatial relationships [11], [14], [15], [16]
(Fig. 1). While these relationships have been described
empirically, and have been reproduced by models of map
development [17], [18], a formal approach to describe the
spatial dependencies between maps is currently lacking.

Here we propose a rigorous mathematical framework for
both the joint estimation of these maps from imaging data,
and for studying the nature and plasticity of the spatial rela-
tionships between maps, by extending the Gaussian process
approach to consider multiple maps simultaneously.
Critically, this involves formulating a joint prior for OD and
OP maps, and thus constitutes the first formal description
of the underlying relationship between these two maps. This
allows for the correlations in map structure across different
features to be taken into account, to both improve map esti-
mates and to study their relationships. To test this method
we apply it to maps sampled from our joint prior and then
corrupted with noise, and demonstrate its superiority both
to the classical vector averaging approach tomap estimation,
and to the model used by [7] which does not take into
account the relationships between maps. Finally we demon-
strate the extensibility of thismodel by adding amap for spa-
tial frequency, and use it to investigate the nature of the
relationships between all three maps. This work demon-
strates the importance and utility of applying multitask
learning techniques to the analysis of noisy imaging data.

All source-code for the methods described here are avail-
able at github.com/nickjhughes/dgpmaps.
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2 GAUSSIAN PROCESS REGRESSION MAP

ESTIMATION

Gaussian process regression is a non-parametric regression
technique [19] which has been used to estimate orientation
preference maps from noisy imaging data [7], [8]. Here we
briefly describe the method in general.

We represent an orientation preference map as a two-
dimensional complex field ~mop : R2 ! C, mathematically
equivalent to a two-dimensional vector field, where the pre-
ferred orientation and the strength of that preference at each
point are given by half the argument and the magnitude,
respectively, of the complex field. The argument is halved as
orientation is periodic in p rather than 2p radians. We repre-
sent an ocular dominance map as a two-dimensional scalar

field mod : R2 ! R, where zero represents an equal prefer-
ence for the two eyes. We also represent a spatial frequency

map as a two-dimensional scalar fieldmsf : R
2 ! R.

Let m : R2 ! R be a two-dimensional scalar field repre-
senting a feature map, such as an OD map or one of the
vector components of an OP map, as above. Let ri : X ! R

be one of N noisy observations ofm on a rectangular grid of

points X � R2, for example the recorded response to a sin-
gle presentation of a stimulus in a functional imaging exper-
iment. We assume that we can write riðxÞ ¼ mðxÞ þ �iðxÞ,
x 2 X, i.e., we observe the true underlying map corrupted
by some possibly correlated Gaussian noise.

A GP prior is a distribution over maps, defined by
a mean function, which we assume to be zero here for

simplicity, and a covariance function K which specifies
the auto-covariance between points in the map. For exam-
ple this could be a difference-of-Gaussians function for the
auto-covariance of an OP map [7], [8].

To perform GP regression, the prior distribution defined
at the observed points X is conditioned on the data to give a
posterior distribution, the mean of which is the Bayes optimal
estimate of the underlying map m. The prior on the set of
observed points is pðmÞ ¼ N ðm; 0;SpriorÞ, Sprior ¼ KðX;XÞ,
where KðX;XÞ denotes the matrix formed by evaluating the
covariance function K on all pairs of points in X. This prior
will have hyperparameters, namely the parameters of K,
which can be fit in a number ofways (see below).

According to Bayes’ rule, the posterior distribution is
proportional to the product of the prior and the likelihood,

pðmjr1; . . . ; rNÞ / pðmÞpðr1; . . . ; rN jmÞ:

The likelihood of a single trial is pðrijmÞ ¼ N ðri;m;S�Þ,
whereS� is the noise covariancematrix, which can be inferred
from the data in a variety of ways (see below). The likelihood
of all trials is the product of the individual likelihoods, assum-
ing each is an independent observation of the truemap

pðr1; . . . ; rN jmÞ ¼
YN
i¼1

Nðri;m;S�Þ

/ N m;
1

N

XN
i¼1

ri;
1

N
S�

 !
:

As the likelihood and prior are both Gaussian, so is the
posterior,

pðmjr1; . . . ; rNÞ / N ðm;mpost;SpostÞ;
Spost ¼ ðNS�1

� þ S�1
priorÞ�1;

mpost ¼ SpostS
�1
�

XN
i¼1

ri:

The mean of the posterior mpost is the best estimate of the
underlying mapm, and the covariance Spost gives an indica-
tion of error in the fit, with its diagonal giving the variance
in the estimate at each point.

We used the same method as [7] to infer the noise covari-
ance matrix S� when estimating maps. Briefly, the covari-
ance between repeated responses to each stimulus was
calculated and then averaged across stimuli to construct an
initial estimate of the noise covariance. An iterative process of
deriving the posterior mean and fitting the noise covariance
to the residuals of the posterior mean and the data was then
performed, with the fitting performed with a factor analysis
expectation maximisation algorithm at each step. As there are
more pixels in the maps than trials, the full noise covariance
cannot be inferred from the data, and so the noise covariance

is assumed to be low rank and of the form S� ¼ G�G
>
� þD�,

where G� is of size n� q, where n is the number of pixels in
the map and q is the rank of the noise, andD� is diagonal. We
used q ¼ 2 throughout, and assumed the noise covariance
was the same for each featuremap in the joint model.

Sampling maps from a GP prior is performed by multi-
plying the Cholesky factor of the covariance matrix by a

Fig. 1. Topographic featuresmaps in primary visual cortex have stereotyp-
ical structures and spatial relationships. (a) Contours of an orientation pref-
erence (coloured lines) and an ocular dominance (black lines) map,
demonstrating the tendency for their intersection at angles close
to perpendicular, and for OP pinwheels to lie far from the OD contours.
(b) The distribution of crossing angles of the two maps’ contours for
a particular pair of maps, quantifying the trend observed in panel a. (c) The
relative location of OP pinwheels in the OD map, averaged over maps,
quantifying the trend observed in panel a. Figures reproduced from [11].
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vector of random numbers sampled from the standard nor-
mal distribution [19].

3 MULTIPLE OUTPUT GAUSSIAN PROCESSES

When applied to orientation preference maps by [7] and [8],
the GP map estimation method considered two outputs,
namely the two vector components of the OPmap. However,
they were treated independently as the two components are
uncorrelated in all the cases considered. In contrast, in a case
where there are multiple correlated outputs, for example the
spatially dependent OP and OD feature maps in primary
visual cortex, a full GP which considers all outputs simulta-
neously must be used. Here we construct such a full corre-
lated GPmodel for multiple featuremaps.

In general, letmi : R
2 ! R, 1 � i � N , be a collection ofN

two-dimensional scalar fields representing feature maps,
with corresponding auto-covariance functionsKi;i and cross-
covariance functionsKi;j. For simplicity we assume the fields
have zero mean. Three of these maps could represent, for
example, an OP map ~mop ¼ m1 þ im2 and an OD map
mod ¼ m3. A joint GP prior considering this entire collection
of maps, which are defined on the two-dimensional grid of

pointsX � R2, is defined by the block covariancematrix

Sprior ¼
K1;1ðX;XÞ . . . K1;NðX;XÞ

..

. . .
. ..

.

KN;1ðX;XÞ . . . KN;NðX;XÞ

0
B@

1
CA:

With this covariance function defined, GP regression is per-
formed as for a single output. However, Sprior is a valid
covariance matrix if and only if it is positive semidefinite,

that is, if and only if z>Spriorz � 0 for all column vectors z of
the appropriate size [19]. In general, a block matrix formed
from smaller covariance matrices is not itself positive semi-
definite, but must have greater restrictions placed on its

blocks. For example, a real matrix X ¼ A B
B> D

� �
is posi-

tive semidefinite if and only if both A and D�B>A�1B are
positive semidefinite [20]. This means that even if the auto-
covariance and cross-covariance matrices for a number of
maps are valid, the block matrix formed by them is not
guaranteed to be a valid covariance matrix. There are sev-
eral alternate characterisations of positive semidefiniteness
(e.g., that all of the eigenvalues of the matrix are non-
negative), but it is difficult to define any general restrictions
on the cross-covariance functions such that a valid prior is
formed [19].

However, rather than define the auto-covariance and
cross-covariance functions between outputs in a GP
directly, another method is to define them as the result of
convolution integrals of filtering kernels which describe the
structure of the outputs based on filtering Gaussian noise
[21]. This solves the issue of how to define valid cross-
covariance functions, and is a convenient and tractable way
to extend the GP framework to multiple outputs. Here we
briefly describe this method.

Considering a GP with a single output, samples can
be taken from it by filtering standard Gaussian noise
(i.e., distributed as Nð0; 1Þ) with the filtering kernel defined
by the auto-covariance function of the GP. Viewed this way,

the auto-covariance function of a single output GP can be
defined as the result of convolving a filtering kernel

h : R2 ! R with itself, K1;1 ¼ h � h. This can be extended to
multiple correlated outputs by defining each output as the
sum of the results of filtering different noise sources with dif-
ferent kernels. For example, consider two outputs of a GP
defined by Yi ¼ Ui þ Vi, 1 � i � 2, where the Vi result from
filtering independent noise sources with kernels ki, while the
Ui come from filtering a noise source shared by the two out-
puts with kernels hi. These two outputs will be correlated
through their componentwhich comes from the shared noise
source. Defined as convolutions, the auto-covariance and
cross-covariance functions for the two outputs are

K1;1 ¼ k1 � k1 þ h1 � h1;

K2;2 ¼ k2 � k2 þ h2 � h2;

K1;2 ¼ k1 � k2;
K2;1 ¼ k2 � k1:

The covariance matrix for this multiple output GP is then
just the block matrix described above constructed using
these covariance functions. A single output GP using this
framework is effectively equivalent to the standard single
output GP case (e.g., as presented in [19]), but when applied
to multiple output GPs solves the issue of how to define
cross-covariance functions by guaranteeing that the result-
ing overall covariance matrix will be valid [21]. The only
requirement placed on the kernels is that they be absolutely
integrable, which is satisfied by most useful functions.

The filtering kernel method for constructing joint Gauss-
ian process priors requires the evaluation of the convolution
integrals which define the covariance functions. This can be
done analytically, assuming the integrals result in a closed
form [21], however to avoid the tedious task of evaluating
several integrals analytically we chose to evaluate the con-
volutions numerically. That is, all of the kernels were evalu-
ated on a sufficiently large grid for the particular problem
being considered and convolved numerically, which was a
computationally efficient and simple approach.

The process of deriving the posterior distribution involves
the inversion of the prior covariance matrix (see above),
which will contain n2 ¼ N jXj2 entries for a model over N
maps and jXj pixels. As naivematrix inversion has a compu-

tational complexity of Oðn3Þ, deriving the posterior becomes
computationally intractable on modern hardware for even
moderately sized maps of more than 100 pixels square. For
simplicity we only used maps small enough to avoid this
issue, but there are techniques which make the application
of our methods to larger maps computational tractable.
For example, [7] used a low-rank approximation of the prior
covariance matrix to deal with this problem, generated via
an incomplete Cholesky decomposition, and the same
approach can be applied to the multiple output case. Briefly,
the Cholesky factorG is constructed one row at a time until a
sufficient level of accuracy or a set rank has been achieved.
This results in a triangular matrixG of size n� q, with q 	 n,

whereGG> provides an accurate low-rank approximation of
the prior covariance matrix if the filtering kernels used drop
off as a function of distance sufficiently quickly, which most
useful kernels do [22].
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4 A JOINT PRIOR FOR MULTIPLE FEATURE MAPS

To construct a Gaussian process prior which considers mul-
tiple feature maps jointly using this method, we need filter-
ing kernels which describe their structure and can also be
used to model their interdependence.

Rojer and Schwartz [23] introduced a purely descriptive
model of OP maps, consisting of a pair of two-dimensional
fields of Gaussian noise with zero mean and unit variance
which are filtered with a band-pass filter and combined to
form a two-dimensional vector field. The result, when inter-
preted as an OP map, matches the lower-order statistics of
empirical maps found in several different species. The same
model, when applied to a single field of noise, recreates the
structure of OD maps well. For the purpose of comparison
with other models of OP and OD maps, [17] extended the
model of [23] to treat the OD map as a precursor to the two
components of the OP map, thereby introducing dependen-
cies between the maps which match the spatial relationships
seen in empirical maps. We use these ideas in the derivation
of our GPmodel.

Rather than convert a band-pass filter to the space
domain, for simplicity we directly used a difference-of-
Gaussians (doG) filter, the same as used by [7] and [8],

Gð~x;~x0Þ ¼ a2 exp
�j~x�~x0j2

4s2

 !"

þ 1

4
exp

�j~x�~x0j2
16s2

 !

�4

5
exp

�j~x�~x0j2
10s2

 !#
;

(1)

where ~x and ~x0 are two points in R2, and a and s are param-
eters controlling the magnitude and wavelength of the filter,
respectively (Table 1). A doG filter is a space-domain repre-
sentation of a band-pass filter, as the two Gaussians are
low-pass filters which suppress high-frequency spatial
information, and thus the subtraction of one from the other
results in only spatial frequencies lying between the two cut
off wavelengths. [17] note that any band-pass filter is suffi-
cient to replicate their results.

Erwin et al. [17] define the OP map as a result of vectori-
ally combining the horizontal and vertical directional gra-
dients of the OD map generated as above. The gradient
calculation cannot be used directly in the filtering kernel
approach, but can be well approximated using a pair of
Gabor filters, with a horizontal,

Hð~x;~x0Þ ¼ b exp �ðx2 � x0
2Þ2 þ g2ðx1 � x0

1Þ2
2r2

 !

sin
2pðx2 � x0

2Þ
�

� �
;

(2)

and vertical

V ð~x;~x0Þ ¼ b exp �ðx1 � x01Þ2 þ g2ðx2 � x0
2Þ2

2r2

 !

sin
2pðx1 � x01Þ

�

� �
;

(3)

filter for the derivatives in the x and y directions respec-
tively. Here ~x ¼ ðx1; x2Þ and ~x0 ¼ ðx0

1; x
0
2Þ are two points

in R2, and b, g, r, � are parameters controlling the scal-
ing, eccentricity, wavelength, and period of the filters,
respectively Table 1. These filters, along with the doG fil-
ter given above Equation 1, are absolutely integrable,
and so satisfy the requirements of the filtering kernel
method. Using these three filters we can replicate the
model of [17] in the filtering convolution framework
(Fig. 2, X0 components only), although embedding this
in a GP model allows for its use in map estimation and
analysis, rather than just construction, and therefore goes
significantly beyond the original model.

In principle, there are many ways this model could be
extended to allow for a modulation of the dependence
between the maps. Here we chose to add a separate compo-
nent to each of the components of the OP map, so that they
are the sum of the Gabor-filtered OD map as above as well
as a separate noise source convolved with an independent

TABLE 1
Joint Prior Model Hyperparameters

Kernel(s) Parameter Value(s) Units Description

G (doG) a 1 – Scaling
s 2 pixels Wavelength

G0 (doG) a0 ½0; 2
 – Scaling
s0 2 pixels Wavelength

H, V (Gabors) b 0.2 – Scaling
g 0.75 – Eccentricity
r 2 pixels Wavelength
� 1.2 pixels Period

Gsf (doG) asf 0.25 – Scaling
ssf 4 ð2sÞ pixels Wavelength

The parameters of the filtering kernels which define the covariance functions
of the joint prior, the range of values we consider, the units where appropriate,
and the purpose of each. Also see Fig. 2. doG: Difference-of-Gaussians
(Equation (1)).H, V : horizontal and vertical Gabors (Equations (2) and (3)).

Fig. 2. Multiple output Gaussian process prior for multiple feature maps.
Schematic of our multiple output model using the filtering kernel method
to construct covariance functions. The independent Gaussian noise sour-
cesX0, X1, andX2 are convolved (�) with difference-of-Gaussians filter-
ing kernelsG andG0, and horizontal and vertical Gabor filtering kernelsH
and V , to generate an ocular dominance map, mod, and the two compo-
nents, realð~mopÞ and imagð~mopÞ, of an orientation preference map ~mop.
The relative scaling of the two difference-of-Gaussians filtering kernels
controls the dependence of themaps through the proportion of the shared
noise sourceX0 which influences the orientation preferencemap.
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doG filter G0 (Equation (1) Fig. 2). This allows a continuum
of dependence to be modelled, from completely indepen-
dent, where the shared source of noise X0 does not affect
the OP map, to one of full dependence, where the indepen-
dent sources X1 and X2 do not affect the OP map, equiva-
lent to the simple model described above. The covariance
functions of this prior are then the following:

K1;1 ¼ G �G
K1;2 ¼ G � ðG �HÞ
K1;3 ¼ G � ðG � V Þ
K2;1 ¼ K1;2

K2;2 ¼ ðG �HÞ � ðG �HÞ þG0 �G0

K2;3 ¼ ðG �HÞ � ðG � V Þ
K3;1 ¼ K1;3

K3;2 ¼ K2;3

K3;3 ¼ ðG � V Þ � ðG � V Þ þG0 �G0:

In general G and G0 have different sets of parameters, which
we label ða; sÞ and ða0; s0Þ, respectively (Table 1). The level
of dependence between the two maps is parametrised by the
ratio of the two magnitude parameters a=a0. For values
larger than one, the maps are more correlated, for values
smaller the maps are less correlated, and for a value of
zero the maps are completely independent. A summary of
the parameters is given in Table 1. This full model, which
extends the basic ideas of [17] and [23] to allow for the quan-
tification and control of dependence between the OP and
OD maps, therefore allows not only the construction of
maps, but also their improved estimation from imaging data
by taking advantage of the known correlations between the
structure of the maps.

5 SPATIAL MAP RELATIONSHIPS

To confirm that the empirical spatial relationships between
the maps are captured by this model, we quantified the rela-
tionships with two standard metrics: the distribution of
crossing angles of the intersections of the contours of two
maps, and the location of the OP map pinwheels relative to
the OD map.

5.1 Metrics

To calculate the crossing angle distributions, we calculated
the zero-level contour of the ODmap, or the 0, 22.5, ... , 157.5
degree contours of the OP map. The angle between the con-
tours of two maps was then calculated at all points of inter-
section, defined as the difference between the orientations of
the tangents of the two contours at the intersection point.
The distributions of orientations were then constructed by
binning each orientation difference into one of nine bins cen-
tred on 5, 15, ... , 85 degree, and the resulting counts normal-
ised to have a sum of one. For a baseline comparison, we also
calculated the expected distribution for unrelated maps, by
shuffling the pairs ofmaps sampled frompriors and compar-
ing unrelated maps, and making the same number of these
comparisons as actual pairs sampled. This distribution
should follow the first quarter of a sine curve [24].

To measure the relationship between the location of pin-
wheels and the OD domains we used the metric described in

[11] with a slight modification. [11] binned each OD map
into 10 equally sized regions, corresponding to values rang-
ing from the centres of contralateral eye regions to the centres
of ipsilateral eye regions, and calculated the bin correspond-
ing to each pinwheel. The bins corresponding to the same
distance from each centre were then pooled, leaving five bins
corresponding to values from the centre to the border of the
OD columns. We used a slightly different approach, by bin-
ning the positive and negatives values in each OD map into
five equally sized regions, and then performed the same
pooling of pinwheel locations. This modification considers
the regions on either side of zero separately, rather than bin-
ning all the values into 10 equal bins, and therefore respects
OD borders and takes into account contralateral bias in the
OD map. Pinwheel locations were defined in orientation
maps using the contour integration method [4], [25]: an inte-
gral of orientation preference was calculated along a closed
path of radius one pixel around each pixel, and the pixel was
defined as a pinwheel if the integral was�p radians. For con-
nected clusters of such pixels, the cluster’s centre of mass
was defined as the pinwheel location.

5.2 Measured Relationships

Figs. 3a and 3b show a pair of maps sampled from this joint
prior (a0 ¼ 1, other parameters as in Table 1). We calculated
the crossing angles of the contours of pairs of maps (Fig. 3c,
a0 ¼ 1), and the relationships between the pinwheels and
the OD map domains (Fig. 3d, a0 ¼ 1). The stereotypical
tendency for the map contours to cross at higher angles
than expected by chance, and the tendency for OP map
pinwheels to lie in the centre of OD map domains, are both
successfully captured by our model.

5.3 Parametrising Map Interdependence

The design of the OP map in our model, as both resulting
from independent sources and the gradient of the OD map
(Fig. 2), allows the level of dependence between the maps to
be varied. This is controlled by the relative magnitude of
the parameters a and a0 of the two difference-of-Gaussians
filters G and G0.

We sampled maps from the prior with varying values of
a0, while keeping a ¼ 1 constant, and analysed the map
relationships as above (Figs. 3c and 3d). A value of a0 ¼ 0
indicates full dependence, and as a0 increases the maps
become effectively independent and the spatial relation-
ships disappear. For values above a0 ¼ 2, the map relation-
ships disappear and become indistinguishable from those

between unrelated maps (crossing angles: p ¼ 0:06, x2 ¼
16:3; pinwheel locations: p ¼ 0:43, x2 ¼ 4:89; chi-square
tests). These two parameters therefore allow for the fine
quantitative control of the level of dependence between
the two maps.

6 ESTIMATING MAPS

The above results demonstrate that our joint prior captures
the empirical spatial relationships between OP and OD
maps, and that the level of dependence can be varied.
We now apply the joint prior to estimate maps from con-
structed noisy data to demonstrate the method’s superiority
to classical map estimation techniques.
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6.1 Constructing Noisy Data

We constructed noisy data as a model of experimental
data but with known truemaps for comparison. To do thiswe
sampled a pair of maps,mod and ~mop, from an instance of the
joint prior with a given set of parameters. We then modelled
the responses of each pixel in the map to the presentation of

an orientation u 2 0; p4 ;
p
2 ;

3p
4

� �
to one of the eyes e 2 f�1; 1g as

ru;e ¼ emod þ cos ð2uÞrealð~mopÞ þ sin ð2uÞimagð~mopÞ:
This was repeated for all combinations of orientations and
eyes and each response was replicated ntrials ¼ 10 times to
simulate multiple trials of the same stimulus. Random, cor-
related, Gaussian noise was then added to all the trials
using the same factor analysis method as [7]. The correlated
component of the noise was half the magnitude of the inde-

pendent component variance s2
noise in all cases.

6.2 Vector Averaged Map Estimates

Maps were estimated from imaging data by a weighted
averaging process, usually referred to as vector averaging
for OP maps. Giving the collection of responses ru;e;j as
defined above, the vector averaged ODmap was defined by

mod ¼ 1

ntrials

Xntrials
j¼1

1

4

X
u

ru;2;j � 1

ntrials

Xntrials
j¼1

1

4

X
u

ru;1;j;

and the OP map by

~mop ¼
X
u

1

ntrials

Xntrials
j¼1

1

2

X
e

ru;e;j cos ð2uÞ þ iru;e;j sin ð2uÞ:

To provide a fair comparison with the GP posterior esti-
mates, these maps were then both low-pass and high-pass
Gaussian filtered, with wavelengths for each chosen to max-
imise the correlation between the vector averaged maps and
the corresponding true maps.

6.3 Inferring Hyperparameters

To perform GP regression on a dataset the parameters of
the prior (Table 1) must be inferred from the data. One
method to do this is via maximising the marginal likeli-
hood [8], which is a quantity which specifies how likely
the given dataset is to come from a particular prior. Maxi-
mising over the hyperparameters then gives the prior most
suitable for a particular dataset. However, optimising the
marginal likelihood of this joint model is both algorithmi-
cally complicated and computationally demanding. We
therefore chose to use the simpler approach of directly
matching the covariance functions of the prior to the
empirical covariance functions of the data [7]. Specifically,
we estimated the hyperparameters by calculating the full
normalised auto-covariance matrices of the OD map and
both components of the OP map, and then fit the values of
the parameters by optimising the fit between these empiri-
cal auto-covariances and the auto-covariances resulting
from the prior. The quality of the fit was measured by the
correlation between the auto-covariance matrices, summed
over all three map components.

6.4 Prior Sampled Maps

We sampled a pair of maps from the joint prior (Figs. 4a
and 4e; parameters as in Table 1, a0 ¼ 1), and added noise
to simulate noisy experimental data as described above

(Figs. 4b and 4f; s2
noise ¼ 6). We then estimated the maps by

both simple vector averaging and spatial filtering (Figs. 4c
and 4g), and by fitting the parameters of the prior to this
data as described above and deriving the posterior using
this estimated joint prior and the data (Figs. 4d and 4h).

Fig. 3. Maps sampled from the prior have spatial relationships matching
empirical maps, and their level of dependence is parametrised. (a–b)
An example pair of maps, orientation preference and ocular dominance,
sampled from the prior defined by the model given in Fig. 2. Parameters
as in Table 1, a0 ¼ 1. (c) Contour intersection angle distributions as a
function of a0 (coloured as per legend), showing a preference for angles
near perpendicular for small values of the dependence parameter, and
a shift towards the chance distribution (black line) for increasing values
of the parameter. The a0 ¼ 0 and 1 (p ¼ 0:027, x2 ¼ 18:8), and a0 ¼ 0
and 2 (p < 5� 10�7, x2 ¼ 46:8), distributions are significantly different
(chi-square tests). (d) Relative pinwheel location distributions as a func-
tion of a0 (coloured as per legend), showing a preference for locations
near the centre of ocular dominance domains for small values of the
dependence parameter, and a shift towards the chance distribution
(black line) for increasing values of the parameter. The a0 ¼ 0 and
1 (p ¼ 0:016, x2 ¼ 14:0), and a0 ¼ 0 and 2 (p < 3� 10�5, x2 ¼ 28:5),
distributions are significantly different (chi-square tests). Mean and stan-
dard error of the mean shown for ten sampled pairs of maps.
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The maps estimated via vector averaging were less accurate
(correlation with true maps: 0.95) than the maps estimated
with the joint GP prior (correlation: 0.99).

To assess the effect of the level of added noise on these
results, we performed the above for a range of noise levels
(s2

noise ¼ 0 to 8), and calculated the correlation between the
vector averaged and posterior estimated maps, and the true
maps (Fig. 4i, dotted lines). In each case the joint prior map
estimate is significantly better than the optimally filtered

vector averaged map, except in the noiseless case s2
noise ¼ 0

as expected (two sample t-tests, p < 0:001). The joint prior
estimates also show less variance across different map sam-
ples with the same level of noise added, demonstrating the
technique’s robustness.

6.5 Computational Model Maps

By estimating maps sampled from our joint prior, the GP
method has an advantage not present when analysing
experimental data, in that the form of the prior is known to
be a perfect fit to the maps. To confirm that this did not

unfairly affect the above results, we performed the same
analysis on maps generated by the elastic net model as
described in [26], using the same method of adding corre-
lated noise and generating simulated imaging data. The
elastic net model is a dimension reduction algorithm for
determining how preferences for features of the input space,
such as visual field position and edge orientation, are
arranged in the cortex [25]. It folds a two-dimensional net
in a higher-dimensional feature space in an attempt to
minimise a trade-off between coverage of the input space
and continuity of the cortical representation. We only
included visual field position, orientation preference, and
ocular dominance dimensions in our simulations. The
parameters and training regime used were as described in
[26], except that we generated maps of size 50� 50 pixels,
and only generated maps with normal visual input. We
generated 10 different maps from which simulated noisy
experimental data was constructed, as described above. The
simulations were performed using the same custom MAT-
LAB software as used by [26], a more general version of
which is available online at http://faculty.ucmerced.edu/

Fig. 4. Estimating maps from noisy data. (a,e) A pair of maps sampled from the joint prior with parameters as in Table 1 and a0 ¼ 1. (b,f) Noisy obser-
vations of the same pair of maps, corrupted with correlated Gaussian noise (s2

noise ¼ 6). (c,g) Optimally filtered vector averaged maps constructed
from the noisy observations. Correlation with true maps: 0.95. (d,h) The posterior mean estimates using the joint prior, constructed from the same
noisy data as the vector averaged maps. Correlation with true maps: 0.99. (i) The quality of maps estimated with optimally filtered vector averaging
(VA, blue) and our joint prior Gaussian process model (GP, red), measured as the correlation with the true maps, as a function of the level of added
correlated noise s2

noise. Results for both maps sampled from the joint prior (dotted) and maps generated with the elastic net model (solid) are shown.
The GP estimate is significantly superior in all cases except the noiseless case on maps sampled from the prior (two sample t-tests, p < 0:001), and
for all noise levels greater than s2

noise ¼ 4 on maps from the model (two sample t-tests, p < 0:01). (j) The quality of OP maps generated with the elas-
tic net model, estimated with vector averaging (VA), our joint prior model (GP), and an independent GP model that does not take into account the OD
map (iGP), as a function of the level of noise added. The GP estimate is significantly better than the iGP estimate for s2

noise ¼ 0; 2; 4; 6 (two sample
t-tests, p < 0:05). Mean and standard error of the mean shown for ten different pairs of maps for each level of noise.
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mcarreira-perpinan/research/EN.html. The analysis of
these maps show the same trend as for the prior sampled
maps above (Fig. 4i, solid lines), with the joint prior map
estimation being of a significantly higher quality for all

noise levels greater than s2
noise ¼ 4 (two sample t-tests,

p < 0:01).

6.6 Independent Map Estimates

To assess the improvement in map estimation provided
by considering multiple maps simultaneously in our
joint prior, as compared to considering each map sepa-
rately, we also estimated OP maps using an independent
model. This model used only the independent differ-
ence-of-Gaussians components of the OP map from our
joint model (i.e., only the X1 and X2 components in
Fig. 2), thereby being effectively the same as the model
used by [7]. The two parameters of this model, a0 and s0,
were estimated as described above, with only the OP
map being taken into account. We estimated maps from
noisy data constructed from maps generated with the
elastic net model as a function of added noise (Fig. 4j),
and the maps estimated with the joint model were of a
significantly higher quality for intermediate levels of

noise (two sample t-tests, p < 0:05, s2
noise ¼ 0; 2; 4; 6),

which are approximately the levels of noise seen in opti-
cal imaging data. The difference in quality declines as
noise is increased, indicating that when high levels of
correlated noise are present in the data, accurately
modelling those correlations is more important for qual-
ity estimates than taking into account the correlations
between the different features maps.

6.7 Experimental Data

To confirm that the joint prior method can be success-
fully applied to experimental data, we estimated maps
from previously published experimental data consisting
of intrinsic signal optical images of the primary visual
cortex of a single, normally-reared cat [27]. See the origi-
nal publication for full experimental details. The data

consisted of the cortical response to 70 presentations of
four different oriented gratings (0, 45, 90, 135 degree) to
either of the two eyes. Orientation preference and ocular
dominance maps were estimated from this data in the
same way as described above.

The unfiltered vector averaged maps are of a low quality
(Figs. 5a and 5d), and are therefore usually filtered with
arbitrarily chosen parameters (Figs. 5b and 5e). Here we
optimally filtered these maps by maximising their correla-
tion with the joint prior estimate. In contrast, the joint prior
estimate requires no arbitrary choices, with its parameters
chosen optimally as described above (Figs. 5c and 5f). Addi-
tionally the estimate is improved by the shared information
between the estimation of the OP and OD maps provided
by the joint prior. The patterns of vasculature present in the
same region of cortex as these maps (Fig. 5g) can be a source
of noise artefacts in the estimated maps. Due to the corre-
lated noise model used by the Gaussian process model, the
joint prior estimate is less affected by these artefacts that the
vector averaged maps.

7 EXTENSION TO MORE MAPS

In this framework, it is simple to add more feature maps
to the prior, and in theory any number of maps could be
represented [28]. While the relationships between the
OD and OP maps have been extensively explored experi-
mentally, the relationships between these and other
maps in V1 are less clear. To demonstrate the extensibil-
ity of this model, we added a third feature map that is
present in V1, that for spatial frequency. We did this by
defining the SF map as a further filtered version of the
OD map, therefore coupling the map with the OD map
and by extension also the OP map (Fig. 6a). We used
another doG filter Gsf for this (Equation (1)), with double
the wavelength of the OD map (Table 1), matching the
auto-covariance of the SF map and the map relationships
proposed by [16]. This adds the following covariance
functions to the above model, where the fourth output is
the SF map

Fig. 5. Estimating maps from experimental data. (a,d) A pair of maps estimated with vector averaging from previously published experimental data
[27]. (b,e) Optimally filtered vector averaged maps, filtered to maximise the correlation with the joint prior estimate. (c,f) The posterior mean estimates
using the joint prior. (g) The same region of cortex imaged with a different wavelength light to highlight the vasculature patterns present. The vector
averaged maps are more strongly affected by artefacts induced by these patterns than the joint prior estimate.
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K1;4 ¼ G � ðG �GsfÞ
K2;4 ¼ ðG �HÞ � ðG �GsfÞ
K3;4 ¼ ðG � V Þ � ðG �GsfÞ
K4;1 ¼ K1;4

K4;2 ¼ K2;4

K4;3 ¼ K3;4

K4;4 ¼ ðG �GsfÞ � ðG �GsfÞ:

However, spatial frequency is a non-negative quantity and a
regular Gaussian process, with normally distributed values,
is therefore an inappropriate model. SF preference appears
to be roughly log-normally distributed [12], [29], and we
therefore treat the fourth output of this model as the log of
the SF map, log ðmsfÞ, rather than as the SF map itself
(Fig. 6a). Applying the exponential operator to this output
then provides the spatial frequency map, which will have
a log-normal distribution as its log is a Gaussian process.

The application of non-linear monotonic functions to the
outputs of GPs is known as warping, and it is simple to use
such a warped GP model for regression and therefore map
estimation [30].

A triplet of maps sampled from this prior is shown in
Figs. 6b, 6c, and 6d. We quantified the spatial relationships
between these maps with the crossing angles between
all three pairs of maps, as described above and using the
contours of four logarithmically-spaced values of the SF
map from 0.5 to 2 (Fig. 6e). The OD and OP maps have the
same relationships as in the model without the SF map, as
expected. In contrast, the OD and SF map contours tend to
intersect at more acute angles than random maps, indicat-
ing that their contours are more parallel than orthogonal,
mirroring the prediction of [16]. The OP and SF maps have
intersection angles matching the distribution for unrelated
maps, demonstrating that this model suggests there is no
spatial relationship, at least by this metric, between these
maps.

Fig. 6. A joint prior for three visual cortical maps. (a) Schematic of the model, in the same format as Fig. 2. A spatial frequency component has been
added, defined as the ocular dominance map filtered with a difference-of-Gaussians kernelGsf with twice the wavelength ofG. (b–d) A triplet of maps,
orientation preference, ocular dominance, and spatial frequency, sampled from this prior (parameters as in Table 1, a0 ¼ 0:25). The values and units
of the SF map are arbitrary, but follow a log-normal distribution, and when interpreted as cycles per degree match well with experimental data [12].
(e) Crossing angles between all three pairs of maps. The OD and OPmaps (blue) intersect at angles larger than expected by chance (black), while the
OD and SFmaps intersect at more acute angles (green). Mean and standard error of themean shown for ten sampled triples of maps.
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The tendency for the OD and SF maps to cross at more
acute angles than random maps in this model is revealed
by the crossing angle distributions (Fig. 6e) rather than by
the parameter a0 which was used to measure correlations
between the OD and OP maps. In this particular model we
only parametrised the perpendicularity of maps or lack
thereof, with a0, and we do not have a parameter to measure
such a parallel relationship. However a model could be
constructed which would provide such a parametrisation,
for example by the use of different Gabor filters in a
similar arrangement to the current model (Fig. 6a), which
demonstrates the flexibility and extensibility of this frame-
work for investigating map relationships.

8 DISCUSSION

Here we have constructed a Gaussian process framework
for the study of multiple visual feature maps together,
including an explicit model of their spatial relationships.
This not only allows for improved estimates of empirical
maps from noisy imaging data compared to classical techni-
ques, but also the explicit specification of the spatial correla-
tions between maps. The use of a Bayesian prior to encode
the known features of maps and their dependencies is inte-
gral to this improved estimation. This is the first principled,
quantitative approach to describing and studying the spa-
tial relationships between topographic maps, which have
previously been explored experimentally in detail but have
so far lacked mathematical analysis.

While the specific model we constructed here for OD and
OP maps was inspired by the earlier work of [17] and [23],
the multiple output Gaussian process framework allows
these original models to be taken much further. The specific
control of the components which constitute eachmap, allow-
ing dependencies to be finely quantitatively controlled, the
addition of a noise model, and the reconstruction of maps
from imaging data, all go significantly beyond the original
workwe have built upon.

The single map version of this GP framework was used
by [8] to conduct a finer quantitative analysis of the striped-
reared OP maps from [31] than previously available. By
using the values of the inferred parameters of the GP prior,
changes in several aspects of map structure caused by the
abnormal visual input were found. Our expanded joint
prior model allows the same analysis to be performed on
several maps together, for example on OP and OD maps in
tandem, allowing for analysis of the plasticity of the spatial
relationships between the maps.

While the spatial relationships between the OD and OP
maps have been experimentally studied in detail, the
dependences between these maps and the map for spatial
frequency preference are less clear. Several studies have sug-
gested varying levels of dependence between the SF map
and others [11], [12], [16], including independence [32]. To
demonstrate the extensibility of our model we added an SF
map to our joint prior for OD and OP maps, designed based
on the map relationships suggested by [16]. However this
framework is not restricted to this particular design, but can
support any relationships between maps, and is therefore a
useful tool for the theoretical exploration of map relation-
ships which are so far experimentally unclear. Whether all

three of these maps have a mutual tendency to intersect at
angles close to perpendicular, or if one pair of maps have
contours which are closer to parallel, is one particular pair of
hypothesis which our framework allows the exploration of.

More generally Gaussian processes have found use not
only in regression, as we use them here for map estimation,
but increasingly in a variety of areas in machine learning
including latent variable models [33] and deep learning [34].
This raises the exciting prospect of using our work here as a
solid foundation for the exploration of map structure
and relationships with these machine learning techniques,
allowing for the learned extraction of interesting features
and representations of maps.
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